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-411 groups considered here are finite. Let rrr be a set of prime numbers, we say 
that an element x in a group G is a r,-element if j<x)j is divisible only by the 
primes in rr . A group G is called a rr,-group if 1 G 1, is divisible only by 
primes in x1 . Let m(G) denote the set of primes dividing 1 G /, and let ITS : 
rr, n p(G). A group G is rrr-closed, if the subset consisting of rr,-elements is a 
subgroup of G. G is rr$homogeneous, if No(N)/Cc(H) is a rr;-group for every 
nonidentity rr;-subgroup H of G. G is weakly TX-closed if for every subgroup U 
of G, the number of n-r-elements of U is exactly rrPE?I1 / U ID . 
Frobenius posed the following problem: 
FROBENIUS’ PROBLEM. Let G be a weakly rl-closed group. Is G vl-closed? 
In Theorem A we show that the answer is affirmative, if vi is a set of odd primes. 
THEOREM A. Assume rrl is a set of odd primes. If G is a weakly rr&osed group, 
then G is al-closed. 
SECTION ONE 
We first fix some notation. Let ~r denote a set of odd primes. If H is a group and 
p a prime, let H, denote a Sylow p subgroup of H. If o _C T(H), let 1 H lo = 
wgeu 1 HP I. Let TH denote the set of r,-elements in H. If H is rr,-closed, let 
HI = OQf). 
For any non-empty set S, let 1 S 1 denote the number of elements in S. 
The proof of Theorem A will proceed by induction on 1 n1 I. If 1 rr, 1 = 1, the 
result is well known. Hence we may assume 1 m1 1 = k, where k 3 2, and 
Theorem A holds if ~a is a set of odd primes such that 1 ~a 1 < K. 
We will say that GE Hypothesis A if G is a minimal counterexample to 
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Theorem A. Let ; G 1,,1 =m; then /G]=mn, where (m,n)=l, ~r>l. 
Baer [l] has proved the following lemmas. 
LEMMA 1. If H is weakly n,-closed, then H is n;-homogeneous. 
LEMMA 2. If H is rri-homogeneous, then subgroups and homomorphic images 
of H are n;-homogeneous. 
LEMMA 3. If H is rr;-homogeneous, K is a normal subgroup of H such that K 
and H/K are n,-closed, then His rr,-closed. 
We first show if G E Hypothesis A, then G is simple. 
LEMMA 4. Let G E Hypothesis A, then G is simple. 
Proof. Let F be a subgroup of G, and let K be a normal subgroup of F. Let 
2 denote the image of a set A under the canonical homomorphism F -+ F/K. 
Suppose fm = i, then xm E K. Now x may be written in the form x = ab where 
am= l,b”= l,and[a,b] = l.Hencex”EKimpliesb”EK.Since(m,n)=l, 
b E K; hence x = a, and a E T, . Thus TF = TF. It is direct to see that z N y 
if zy-i E K defines an equivalence relation on T, . If cl(z) denotes the equivalence 
class of z under N, then j cl(x)1 = 1 Kz n T, I. Hence, if j is the number of 
equivalence classes of TF under N, then / T, 1 = j. 
Now suppose G is not simple; let H be a proper normal subgroup of G of 
minimal order. Since j H 1 < j G 1, H is vi-closed. Hence H1 char H implies 
H, A G. Therefore, we may assume H is a rr,-group or a rr;-group. 
Suppose H is a vi-group. Let F be any subgroup of G, and let K = H n F. 
Then K n F and K C Ovl(F). Hence, if z E TF , Kz c T,. Hence 1 Kz n T, / = 
1 K j. Thus, I cl(z)j = I K i which implies I Tr 1 = j T, \/I K I = / P lml . Hence 
G/H is weakly r,-closed. Now1 G/H I < / G I implies G/H is n,-closed. H is 
trivially rr,-closed. Hence, Lemmas I, 2, and 3 imply G is n,-closed. Thus, we 
may assume H is a -rr;-group. 
Let z E To , then (x) C No(H). Since G is rr;-homogeneous, (z) Z Co(H). 
Hence To C Co(H). 
Let F be a subgroup of G, and let K = H n F. Let z E Tr and let y E Kx n T,. 
Then y = kz where k E H. Since Kc Co(z), j(y)1 = j(k)jl(z)j. Thus, 
y E T, implies k = 1. Hence, I cl(z)\ = 1, so that I Tr I = I T, / = 1 P In1 . 
Hence, G/H is weakly n,-closed. H is again trivially r,-closed so that Lemmas 1, 
2, and 3 again yield a contradiction. 
LEMMA 5. Assume G E Hypothesis A and W is a vi-subgroup of G. If WC 
N(K) where K is a p group for p E rrl , then W Z N&G,) where G, 2 K. 
Proof. Let H be ap-group maximal with respect to H 2 K and W C No(H). 
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Since G is simple, N = No(H) ‘is nr-closed. Hence WN, is a group. Since 
(I~l,IN~I)=landl~~I is odd, Theorem 6.2.2 [9] implies there is a Sylow 
p subgroup g of Nr such that g 2 H and W C N(K). The maximality of j H 1 
and Sylow’s Theorems imply H = G, . 
LEMMA 6. Assume G E Hypothesis A. If M is a maximal subgroup of G such 
that rl(M) #I; then there is a nonidentity rl-subgroup X of M such that No(X)g M. 
Proof, Since G is simple, M is rr,-closed. Theorem 6.2.1 [9] implies IIil = 
WM, where W is a VI-complement. Suppose No(X) C M for every nonidentity 
Ti-subgroup X of M. Let r E ri(M), and let X = Z(J(M,)); then Nc(X) _C M. 
Since X char M,. , Sylow’s Theorems imply M,. is a Sylow Y subgroup of G. 
SupposeQd(r) is involved in G. Since G is simple, there is a proper subgroup K 
such that H n K and K/H = SL(2, Y). However K is ni-closed, hence K/H 
is r,-closed. This contradicts the structure of SL(2,r); hence Qd(r) is not 
involved in G for Y E vi . Now let X = (y) where y has order Y. Now No(y) C 
M implies C,(y) C M. Since Qd( Y is not involved in G, Theorem B [4] implies ) 
(I Ml n M,” I, r) = 1 if x 6 M. Repeating this argument for all Y E TV yields 
Ml n MIX = 1 if x 6 M. Let m, = / Ml 1. We have seen that Ml is a Hall ml- 
subgroup of G. Hence m = mlm2 where (m, , m,) = 1 and m2 > 1. 
Let Tl = {y 1 y” = 1, and (m, , I(y # I}. Let y E Tl, then y may be 
written in the form y = ylyz where yp = y?p = 1, [yr , y2] = 1, and yr # 1. 
Let z be an element of prime order Y in (yi). Then ( yz) _C Co(z). With a change 
of notation we may assume z E Ml . Hence (yz) _C M. Now (p, , m,) = 1 
implies ya = 1. Hence, T,={yjy#l,y”l=i). Clearly, To=TluT, 
where T2 = {y 1 ymz = l} and Tl n Tz = O. 
It is easy to see that y E Tl implies that y E Ml” for some x E G. Now 
Ml2 n Ml = 1 if x 6 Mimplies j Tl / = (I G j/j M /)(I Ml / - 1) = (I G l/l WI m,) 
(m, - 1). Hence ] Tl 1 < 1 To I implies (1 G I/] W I mJ(m, - 1) < m so that 
IGI t21 Wlm. Now 1 W j m j j G 1 implies [ G / = I W I m. Therefore, 
1 Tl 1 = (I G l/l W / m,)(m, - 1) = m3m1 - m2. Hence / T, 1 = m - 1 T1 / = 
m2 . 
Let ~a = ( p I p a prime dividing R} and let r3 = { p 1 p a prime dividing 
m,}. Then ni = v2 u rs and 7rz n ns = 0. We will show that G is weakly nz- 
closed. We have already shown that / T, I = mz . Hence, it is sufficient to 
consider proper subgroups K of G. We will show that K is rz-closed. Now K is 
rr,-closed. Hence, if v,(H) = 1 or r3(K) = 1; then K is a n,-closed. Suppose 
z-~(K,) # 1 and n,(K,) # 1. Since Kl is solvable, Theorem 6.4.1 [9] implies Kl 
contains a Hall nz subgroup H. Moreover, if p E ri; then Kl contains a Hall ~a p 
subgroup L, such that H 2 L. Hence, L = L,H. Since L, C MD2 for some x E G, 
1 No( 1 1 M I. Hence, Theorem 7.4.5 [9] impliesL has a normalp-complement. 
Hence j L, / I ( NKl(H)J. It follows that H n Kl. Now H = O,,(KJ implies 
H n K. Hence, K is 7rz-closed. 
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Since 1 ns [ < 1 rrr 1, we may assume G is n,-closed. This contradicts 
Lemma 4. 
We now note that we may assume 3 # r1 . For suppose 3 E Z-~ , and let K/H 
be a section of G. Lemma 2 implies K/H is n,-homogeneous. Hence K/H is not 
isomorphic to A, . Hence G does not involve S, . The theorems of Glauberman 
[S] and Goldschmidt [7] imply G is known. A direct check of these groups G 
implies G is not weakly n,-closed for s1 any odd set of primes. 
The next lemma is modeled after 2.2 of [2]. It will be used later to construct a 
subgroup M whose structure contradicts Lemma 6. 
LEMMA 7. Assume GE Hypothesis A. Let p E rrl and let U be a subgroup of 
type ( p, p). If H is a maximal subgroup of G which contains O,l(C,(x)) for all 
x E Us; then His the unique maximal subgroup of G which contains U. 
Proof. Let K be a proper subgroup of G. Since K is nl-closed, and 3 C$ =I) 
we note that K is strongly p-solvable for all p E rrr . Hence K is p-constrained and 
p-stable for p E n1 . 
Now let H, be a Sylow p-subgroup of H which contains U. We first show 
N,(G,) C H so that H, is a Sylow p-subgroup of G. 
Let y = r1 - {p}. If Q is a U invariant y-subgroup of G, then U non-cyclic 
and abehan, imphes Q C H. Since H is rrr-closed, QC H, . Hence (M,(H,, y)) CH, 
so that HI solvable implies (MG(HP , y)) = O,(H,). Thus N,(H,) normalizes 
O,(H,). If O,,(H,) # 1, then No C H. Suppose O,(H,) = 1. Since G is 
r,-homogeneous, O,,(H) C C,(H,). Since H is strongly p-solvable and O,,(H)C 
C,(H,), Theorem 8.2.11 [9] implies Z(J(H,)) n H. Again, N,(H,) _C H. 
Now assume M is a maximal subgroup which contains U, where M + H. 
Choose M so that 1 H n M lP is maximal. Let R be a Sylow p-subgroup of 
M n H containing U. Without loss R C HP. If R = Ii, , then NG(R) _C 
N,(H,) C H. If I R \ < 1 H, /, then NHP(R) = S where S r) R. Let K be a 
maximal subgroup containing N,(R). If K # H, then 1 K n H I9 3 ) S 1 > 
1 M A H lP . This contradicts the choice of M. Hence N,(R) _C H which implies 
A is a Sylow p subgroup of M; hence of M, . 
Since M is rr,-closed, Theorem 6.2.1 [9] implies M = WM, where W is a 
a,-complement. Theorems 6.2.2 [9] and 6.2.1 [9] imply we may assume WC 
N,(R). Hence WC H. Theorem 8.2.11 [9] implies Ml = O,,(M,)N(Z(J(R))). 
Since U normalizes O,,(M,), we see that O,,(M,) _C H. Thus, M # H implies 
~&UW)) Sl H. Th ere f ore, 2(](R)) # R. If R # H, , then N,,(Z(J(R))) 3 R. 
Let K be a maximal subgroup containing N&2(](R))). Now K f H, but 
NH (2(](R))) 3 R implies j K n H jP > j M n H j9. Hence the choice of M 
im&es R = H,. Theorem 1.3.7 [9] . rm pl’ ies H = N,(Z(J(R)))H,. If O,(H,) = 1, 
then Theorem 8.2.11 [9] implies HI = NSl(Z(](R))). However, this implies 
H = N(Z(](R))). Hence, we may assume O,$H,) # 1. 
Let S = HP n O,,,,(M,), then M, = O,,(M,) NM1(S). Hence, S J: H, . 
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Since M1 is solvable of odd order, 1.9vi [2] and Theorem 5.4.1.5 [9] imply 
SC~.JH,) is non-empty. Let A E SCni;(EIJ. Theorem 6.3.5 [9] implies A C S. 
Now C,(A) = A x O,(C,(A)), and H, 2 N,(O,,(C,(A))). Let K = 
O,JO,,(C,(S))), then O,,(H,O,(C,(A))) = H,K. Theorems 6.2.1 and 6.2.2 
[9] imply H,O,(C&l)) = EH,K h w ere E is a rr,-complement and E _C 
N,(H,). Hence E C H. Since U normalizes K, K C O,(H,). Thus, C,(A)) _C H. 
Let 4 E y such that &(A, 4) # 1. As noted in the first paragraph of the proof, 
N,(P) is p-constrained for any nonidentity subgroup P of H,. Hence Theorem 
8.5.6 [9] implies we may choose Q E HE(A, 4) such that H, C N&j). Hence 
Q C O,,(H,). Since C,(A) _C H, and O,(H,) A H, Theorem 8.5.4 [9] implies 
<&(A, 4)) _C O,,(H,). Let K E &(A, r), then K is a solvable vi-group. Hence, 
(&&,(A, 4)) _C O,(H,) for all 4 E y implies (&(A, y)) = O,,(H,). Now 
A C S C H, implies (EI,(S, r)j = O,,(H,). Hence NG(S) C N,(O,(H,)) = H. 
This is a contradiction. 
If SCNz(2) is empty, the work of lMacWilliams [lo], and Gorenstein and 
Harada [8] imply G is known. A direct check of these groups yields that they 
are not weakly r,-closed for any set of odd primes r1 . Hence we may assume 
SCN,(2) is non-empty. Let G, be a fixed Sylow 2 subgroup of G and let HE 
SCiv,(G:,); then A = Q,(H) . is an elementary abelian 2-group of rank at least 3. 
Moreover, A n I!?~. Let iii = { p 1 p E rTT1 and p 1 I C’,(x):, for some x E A#}. 
We will say G E Hypothesis B if G E Hypothesis A and +F1 is non-empty. 
LEMMA 8. Assume GE Hypothesis B. Let k’ = (&(A, nl>). Then k’ is a 
+,-group. There is a unique maximal subgroup M such that M 3 N,(K). -Voreoveey 
M, = K and Ml is a Hall 77, subgroup of G. 
Proof. Since G E Hypothesis B, C,(X) is r,-closed for all x E ,4#. If x E A#, 
let @C’,(x)) = (C,(X)), . If y E A#, then e(C,(x)) n C,(y) is a n,-subgroup of 
C,(y). Hence, 0(&(x)) n C,(y) _C (C&v)), = B(C,(y)). Hence, 0 is a balanced 
2-signalizer functor. Since r(A) > 3, Goldschmidt’s Theorem [6] implies 0 is 
complete. Hence, K is a vi-group. Theorem 5.3.16 [9] implies K is a iii-group. 
Now let M be a maximal subgroup such that M 2 N,(K). Then K _C Ml . Let 
p E r,(M); since A C M, Theorem 1.3.7 [9] . im pl ies there is a Sylow p subgroup 
MD of Ml such that A C N(Mp). Lemma 5 implies there is a Sylowp subgroup G, 
of G such that G, 2 ikl, and A C N(G,). Theorem 53.16 [9] implies MD C 
G, C K. Since p was arbitrary, it follows that Ml = K. Hence, Mi = K is a 
Hall +,-subgroup of G. M1 n M implies M is unique. 
LetF(M,) denote the fitting subgroup of Mi . Let 0 be the set primes p where 
p E +i and one of the following conditions is satisfied: (i) r(M,) 2 2, (ii) r(M,) = 
1 and p / ) F(MJ, (iii) r(M,) = 1 and N,(M,) C ll4. 
LEMMA 9. Assume G E Hypothesis B. Let X be a proper non-trival subgroup 
of G such that r(NA(X)) > 2, then the following conditions hold: 
481/56/I-g 
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(9 Qpw-)) c Ml . 
(ii) If X = MD , where r(Mp) 3 2; then M is the unique maximal subgroup 
to contain M, . 
(iii) If p / j NG(X)I where p E 0, then NG(X) C M. 
Proof. (i) Let B = NA(X), then r(B) 3 2. Since Nc(X) is vi-closed, 
Theorem 6.2.1 [9] implies N,(X) = TR where Onl(NG(X)) = R and T is 
rr,-complement. We may assume B C T. For any prime Y ! 1 R 1, Theorem 6.2.2[9] 
implies there is a Sylow Y subgroup RR, such that T C N(R,). Since y(B) > 2, 
Theorem 5.3.16 [9] implies R, = (C,,(x) 1 r E B”). Lemma 8 implies R, C M, . 
Hence, R = (R,), implies R 2 Ml. 
(ii) If X = M, , by conjugation we may choose M, so that A C iVo(M,). 
Clearly it is sufficient to show that M, contains a subgroup C such that M is the 
unique maximal subgroup which contains C. We claim it is sufficient to show 
that M, contains a subgroup C such that r(C) >, 2 and y(NA(x)) > 2 for all 
x E C#. Suppose such a subgroup C exists; then part (i) of the Lemma implies 
O,l(N,(x)) C Ml for all x E C+. Hehce, O,l(C,(x)) c M, for all x E C#. Since 
r(C) > 2, Lemma 7 implies M is the unique maximal subgroup which contains C. 
Let V = Qn,(Z,(M,)), then 1.9 (i) and (ii) [2] imply I’ is of exponent p and 
1 I’ I > p2. Theorem 5.3.16 [9] implies C’ = (Cr,(Bj))B where B, are maximal 
subgroups of A. Suppose j C,(B,)i > p2 for some Bi .‘Let C = C,,(B,), then 
r(C) >, 2 and Bj < N&x) for all x E C#. Since r(Bj) > 2, part (iii) of the lemma 
would be proved. Hence, we may assume 1 C,(Bj)J < p. Let B, be a maximal 
subgroup such that CzcV)(Bl) f 1, and let C, = Cvl(B,). Then C, :-= p 
implies C, C Z(V). Now I 1,’ > p2 implies th ere is a different maximal subgroup 
B, such that C, == C,(B,) g C, . H ence j C, 1 = p implies C, n C, = 1. Let 
C = CrC, , then C, C Z(V) implies C is of type ( p, p). Let x1 E B, - B, and 
xz~B,-BB,, then x1x2 acts fixed point free on C. Further, r(A) > 3 implies 
B, n B, # Q. Let B = (xlxz , B, n B,), then r(B) > 2 and B C -V&x) for 
all x E C#. 
(iii) Now suppose p 1 j NG(X)J where p E o. As in part (i), nr,(X) = TR 
where R = O,I(No(X)) and T is a r,-complement containing B. Theorem 6.2.2 
[9] implies there is a Sylow p subgroup R, such that T C N,(R,). Since ~i( T) = 
6, Lemma 5 implies there is a Sylow p subgroup G, , G, I R, , such that 
T C N,(G,). Part (i) implies G, C M. Sylow’s Theorems imply it is sufficient to 
show that N,(M,) C M where we may assume A C N,(M,). If y(MD) 3 2, 
part (ii) implies the result. Hence, we may assume r(M,) = 1 and p I ! F(M,)I. 
Let (w) = Q,(F(M,),), then N,(M,) C N&w). However, F(M,) n M implies 
IvG(w) =hf. 
PROPOSITION 10. dssume G E Hypothesis A, then fir is empty. 
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Proof. We will assume +i is non-empty and obtain a contradiction. Now 7jl 
non-empty implies GE Hypothesis B. Let Ma be a Sylow 2 subgroup of M 
containing Gs n M. If g E N,(Gs n M), then A _C N,(M,g). Lemma 9 implies 
g E M. Sylow’s Theorems imply G, = M2 . Hence, Nc(Ga) _C M. Again Sylow’s 
Theorems imply No(S) C M if S is a Sylow 2 subgroup of G. 
Let Q- be an involution in G, , then 7 E Nc2(A). A direct calculation implies 
~(C,(T)) 3 2. Hence, Lemma 9 implies Onl(CG(~)) _C Ml. 
Suppose (T n j Cc(T)] # ,0 for all involutions 7 E G, , Lemma 9 implies 
Cc(r) _C M for all involutions in G, . It follows that C,(y) C M if y is an involu- 
tion in M. Since G is simple, Theorem 9.2.1 [9] implies M is strongly embedded. 
Bender’s Theorem [3] then classifies G. A direct check of these groups yields a 
contradiction. 
Hence, we may assume there is an involution 7 E Ga such that 0 n ’ CG(7)( = 
0. Since e,Ml is a solvable rr,-closed group, Theorem 6.4.1 [9] implies there 
is a Hall u-subgroup M,, of Ml such that Ga _C N(M,). Since n/l, is a Hall rrl 
subgroup of G, M0 is a Hall 0 subgroup of M. Let y = r1 - (T. A similar 
argument implies there is also a Hall y subgroup L such that Gz _C N(L). Clearly 
Ml := M”L. 
Now 0 n I Cc(~)1 = o implies 7 acts fixed point free on MU . Hence M0 is 
abelian. Since F(MJ C Mu, and Ml is solvable, Theorem 6.1.3 [9] implies 
M,, = F(M,). We claim that NG(X) _C M if X is a nonidentity subgroup of lMO . 
Suppose p E (T such that r(M,) >, 2; then Lemma 9 (ii) implies M is the unique 
maximal subgroup to contain MJ . However, M0 abelian implies M,, _C NJX). 
Hence Nc(X) _C M. If r(M,) = 1 f or all p E u, then Mu is cyclic. Hence A C 
Arc(X), so that Lemma 9 (iii) implies the result. Lemma 6 now implies .%ZO # 
Ml . 
Let q E y, then we may choose notation so that d C N(L,). The definition of c 
implies L, is cyclic. Let (x), = Qi(L,); then N&x,) $ M. Since i3 C Aic;(x,), 
Proposition 9 (iii) implies u n 1 N,(~Q)l = a. Sylow’s Theorems imply 
0 n ( ,V&x) j = JZ if 9 1 !(x)l. Hence, L acts as a regular group of automorphisms 
on M, . Since y is a set of odd primes, Theorems 5.3.12 and 5.3.14 [9] imply 
<x,> _a L. 
Let H, be a maximal subgroup containing Nc(x,), then H7, ?f JI. Lemma 
9 (i) andliii) imply Ovq(Hza) is a y subgroup of Ml . Hence, L == O,O(Hsa). It 
follows that <Hz, 1 q E y) = N,(L). If X T is a non-trivial subgroup of L, then X 
solvable implies NG(X) C NG(‘YQ) f or some q ! / X 1. Now N&XT,> C lVG(xq) _C 
H$, C N,(L). This contradicts Lemma 6. Hence y is empty and the Proposition 
is proved. 
Proof of Theorem A. We may assume GE Hypothesis A. Proposition 10 
implies if 7 E A#, then ni(C,(~)) = 1. Let W b e any proper subgroup of G which 
contains 7. Suppose IV, # 1, then 7 acts fixed point free on IV, so that II/i is 
abelian. Hence, if p E ~-r( IV); then W, == O,( IVr) which implies lVD C W. 
118 PAMELA A. FERGUSON 
Now suppose 7 E M where M is a maximal subgroup of G such that Ml # 1; 
then M, is abelian. Let X be a non-trivial subgroup of Ml; we shall show that 
No(X) C M. Now (T) Ml C Nc(X). Hence Ofll(No(X)) is an abelian r,-group 
which contains M, . Hence O,JN,(X)) C N,(M,), which implies O,JN,(X)) = 
AZ, , Therefore, NG(X) C M. Lemma 6 now implies a contradiction. Hence 
7 E M, where AZ is a maximal subgroup, implies Mi =-. 1. Lemma 5 now implies 
7 does not normalize any non-trivial a,-groups. 
Let .v be an element of order p, p E xi . Now TG contains 1 G l/l C,(x) con- 
jugates of s and 1. Hence m = T, ! > ~ G i/i C,(x); + 1 implies / C,(x)/ > 
I G l!m(*). 
Let F, TV be distinct conjugates of T. Suppose C,(x) + =-: Co(x) TV; then 
<+, T”> C XG(y) where y E C,(x) - {l>. However, O,JN,(y)) 2 (x}; hence 
TU normalizes a non-trivial nr-group, This is a contradiction. Thus C,(x) has at 
least / G !lII Cc(7)~ distinct right cosets. Hence, / C,(x)1 1 G l/l Cc(~)/ < 1 G [. 
However, ri(C’e;(~)) = 1 implies m 1 1 G l/i C&T)\. Thus, I C,(x)1 m < / C,(x)1 
/ G l/i Co(r): < 1 G !. Inequality (*) now implies (I G ;/m)(m) < 1 C,(x)1 m < 
1 G /, this is a contradiction. 
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